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7.6.3.

7.6.4.

7.6.5.

Solutions

(b) A= (34£v/3)/2, and the normal modes are determined by the corresponding
eigenvectors, which are found in the usual way by solving

(K — AM)v = 0.

They are

as(T5) e (1)

(¢) This part is identical to that in Example 7.6.1 (p. 559) except a 2 x 2
matrix is used in place of a 3 x 3 matrix.
Each mass “feels” only the spring above and below it, so

myyy = Force up — Force down = ky; — k(y2 — 41) = k(2y1 — y2)
moyh = Force up — Force down = k(ys — y1) — k(ys — y2) = k(—y1 + 2y2 — v3)
msys = Force up — Force down = k(y3 — y2)

(b) Gerschgorin’s theorem (p. 498) shows that the eigenvalues are nonnegative,
as since det (K) # 0, it follows that K is positive definite.

(¢) The same technique used in the vibrating beads problem in Example 7.6.1
(p- 559) shows that modes are determined by the eigenvectors. Some computation
is required to produce A\; =~ .198, A9 =~ 1.55, and A3 ~ 3.25. The modes are
defined by the associated eigenvectors

y .328 -0 —a
xi;=|a|=|591)|, xx=| -], and X3 = I6]
16} 137 @ —y

Write the quadratic form as 1322 +10xy+13y? = (= ) ( 153 153) (‘;j) =z Az.

We know from Example 7.6.3 on p. 567 that if Q is an orthogonal matrix such

that QTAQ =D = ()E)l )?2), and if w=QTz = (5), then

1322 4+ 102y + 13y? = 2T Az = wI Dw = A\ju? 4+ \v°.

Computation reveals that Ay = 8, Ay = 18, and Q = % (_% }), so the

graph of 1322 + 102y + 13y? = 72 is the same as that for 18u2 4+ 8v? = 72
or, equivalently, u?/9 +v?/4 = 1. It follows from (5.6.13) on p. 326 that the
uv-coordinate system results from rotating the standard zy-coordinate system
counterclockwise by 45°.

Since A is symmetric, the LDU factorization is really A = LDL” (see Exercise
3.10.9 on p. 157). In other words, A = D, so Sylvester’s law of inertia guarantees
that the inertia of A is the same as the inertia of D.



